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We consider here a large-scale social network with a continuous response
observed for each node at equally spaced time points. The responses from
different nodes constitute an ultra-high dimensional vector, whose time se-
ries dynamic is to be investigated. In addition, the network structure is also
taken into consideration, for which we propose a network vector autoregres-
sive (NAR) model. The NAR model assumes each node’s response at a given
time point as a linear combination of (a) its previous value, (b) the average of
its connected neighbors, (c) a set of node-specific covariates and (d) an inde-
pendent noise. The corresponding coefficients are referred to as the momen-
tum effect, the network effect and the nodal effect, respectively. Conditions
for strict stationarity of the NAR models are obtained. In order to estimate
the NAR model, an ordinary least squares type estimator is developed, and
its asymptotic properties are investigated. We further illustrate the usefulness
of the NAR model through a number of interesting potential applications.
Simulation studies and an empirical example are presented.

1. Introduction. Consider a large-scale social network (e.g., Facebook or
Twitter) with N nodes (i.e., users) indexed by 1 <i < N. Throughout the rest
of this article, we refer to N as the network size. To describe the network struc-
ture, define an adjacency matrix A = (a;,i,) € RN*N " where aj,i, = 1 if there
exists a social relationship (i.e., a directed edge) from i; to i; (e.g., user iy fol-
lows i on Twitter), and a;,;, = 0 otherwise [32]. Theoretically, we assume that
A is nonrandom throughout the rest of this article. It can be both directed (i.e.,
AT # A) or undirected (i.e., AT = A). We follow the convention and do not allow
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any node to be self-related, so that @;; =0 for any 1 <i < N (e.g., any Twit-
ter user cannot follow itself). Let Y;; € R! be the continuous response obtained
from node i at time point # (e.g., log-transformed total tweet length). Accordingly,
Y, = (Y1, ..., Yn:) " € RN constitutes an ultra-high dimensional vector with a
very large N, and its time series dynamic needs to be statistically modeled and
theoretically investigated.

Note that Y, € RN with0 <7 < T isan ultra-high dimensional time series. Con-
sequently, it has a close relationship with multivariate time series literature [4, 11,
15, 23, 30]. For a usual multivariate time series, the following common wisdoms
exist. The first one is to model each individual time series (i.e., Y;; with0 <t <T
but for a fixed i) separately [5, 8, 25]. This approach is simple in both theory and
computation. However, the relationship across different time series is lost. As an
alternative, one can model Y, by a vector autoregressive (VAR) model [3, 22].
Accordingly, the information of all time series is fully considered. However, the
number of parameters need to be estimated is of O(N 2), which could be much
larger than T, if N is sufficiently large. Therefore, many efforts have been taken
to reduce parameter dimension by either sparse estimation [16, 18] or dimension
reduction [10, 24, 29]. In particular, dimension reduction by factor modeling has
been proved very useful; see, for example, [13, 27, 28] and [19] for some inter-
esting discussions. To our best knowledge, none of these methods have taken the
observed social relationships (i.e., network structure) into consideration. This is
the key contribution we intend to make in this work.

Under a network framework, Y;; might be affected by four different factors.
First, Y;; might be affected by itself but from the previous time point, which is
Yii—1). Second, Y;; might be affected by its followees, which are collected by
{j :a;j = 1}. Third, ¥;, might also be affected by a set of node-specific covariates
(denoted by a p-dimensional vector Z; € R”). Lastly, the unexplained variation
should be attributed to an independent random noise. As a result, we propose a
network vector autoregressive (NAR) model, which assumes that Y;; is a linear
combination of: (a) Y;;—1), (b) ni_1 > jaijYje—1 with n; =3 ;a;j, (c) node-
specific covariates Z;, and (d) an independent noise. The associated coefficients
are then referred to as the momentum effect, the network effect and the nodal ef-
fect, respectively.

Compared with a usual VAR model, where the total number of parameters di-
verges with N, the total number of unknown parameters in a NAR model is fixed.
Consequently, the NAR model can be easily estimated for large-scale social net-
works. In particular, an ordinary least squares type estimator is proposed, and its
asymptotic properties are investigated. Furthermore, the NAR model’s strictly sta-
tionary solutions are obtained. This leads to a number of interesting potential ap-
plications.

The rest of the article is organized as follows. Section 2 introduces the NAR
model with both asymptotic theory and a p-lag extension. Section 3 describes
two potential applications. Extensive numerical studies are given in Section 4. The



1098 X.ZHU ET AL.

article is concluded with a brief discussion in Section 5. All technical details are
left to the Appendix.

2. Network vector autoregression.

2.1. Model and notation. Recall that N is the network size and Y;; is the re-
sponse collected from the ith subject at time point ¢. In addition, for each node i,
assume a p-dimensional node-specific random vector Z; = (Z;1, ..., Z; p)T e R?
can be observed. To model Y;;, we propose the following NAR model:

N
(2.1) Yie=Po+Z'y + Bin;! Z aijYja—1) + B2Yig—1) + €irs
j=1
where n; = ) i dij is the total number of nodes that i follows, and it is called
out-degree [32]. This model implicitly assumes that the focal node i is unlikely to
be affected by another node j, unless i follows j. This is true in practice since the
activities of nodes with a;; = 0 are invisible to i. Specifically, the term By + Zl.T y

characterizes the nodal impact of the ith node, where By € R! is the intercept and
y=W-., y,,)T € R? is the associated coefficient (i.e., nodal effect). For con-
venience, we write Bo; = Bo + ZiT y. As one can see, the nodal impact (i.e., Bo;)

is invariant over time ¢. The quantity ni_1 Z?’:l a;jjYj@—1) is the average impact
from ith neighbors [1, 12, 20, 21]. Its associated parameter 8; is referred to as
the network effect. The term Y;;_1) is the standard autoregressive impact, and S,
is referred to as the momentum effect. Moreover, ¢;; is the error term indepen-
dent of Z;’s, which follows normal distribution with E (g;;) = 0 and var(g;;) = o2.
Although it is more flexible to allow the error terms (i.e., &;;’s) to be correlated,
however, this might lead to large amount of unknown parameters. To reduce the

dimensionality, a diagonal covariance structure is assumed in this work.

For convenience, define Z = (Z1,...,Zy)" € RY*P and By = (Bot, ...,
Bon) " = Bol + Zy € RN, where 1 =(1,..., 1T is a vector with compatible di-
mension. Recall Y, = (Y14, ..., YN,)T € RN . Then we can rewrite model (2.1) in
a vector form as
(2.2) Yy =Bo+GY;—1 + &,

where G = B1W + Bol, W = diag{nl_l, .. .,n,T,l}A is the row-normalized ad-
jacency matrix, / is an identity matrix with compatible dimension, and & =
(€11, ..., ent) | € RN is the innovation vector. Since A is assumed to be nonran-
dom in this work, both G and W are nonstochastic. However, 3 is random.

2.2. Strict stationarity: Type 1. Since Y, is a time series, it is of interest to
study its stationary distribution. According to whether N is fixed or N — 00, we
can define two different types of stationarities. They are referred to as, respectively,
Type I (N is fixed) and Type II (N — oo). We start with Type I stationarity, because
its discussion is similar to that of the classical time series model.
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THEOREM 1. Suppose that E||Z;|| < oo and N is fixed. If |B1|+ 82| < 1, then
there exists a unique strictly stationary solution with a finite first-order moment to
the NAR model (2.2). The solution has the form of

o0
(2.3) Yi=(I-G) 'Bo+ > G&_;.
j=0

The proof of Theorem 1 is given in a separate technical Appendix containing
supplementary materials. Based on the strict stationary solution (2.3), it is inter-
esting to obtain its conditional distribution given the nodal information (i.e., Z).
For convenience, define E*(-) = E(-|Z) and cov*(-) = cov(:|Z). For any integer #,
further denote the conditional auto-covariance function as I"(h) = cov* (Y, Y;_p).
One could easily verify that, I'(h) = G"T"(0) for h > 0, and I'(h) = T'(0)(G ") ~"
for i < 0. By calculation similar to [22] (pages 28-29), the conditional mean and
covariance of Y, can be obtained in the following proposition.

PROPOSITION 1. Assume the same conditions as in Theorem 1. Then given 7.,
the strictly stationary solution in (2.3) follows a normal distribution with mean
and covariance given by

(2.4) w=U-G)'By=U—-pW—pD "By,
(2.5) vec[[(0)} =o*(I — G ® G) ' vec().

Here, vec(-) is the usual operator stacking the columns of a given matrix, and ®
is the Kronecker product.

By (2.4), the conditional mean of Y; is determined by four factors. They are the
nodal impact By, the network effect 81, the momentum effect 8,, and the network
structure W (i.e., A). To better interpret Proposition 1, we consider some special
and interesting cases for discussions.

Case 1. Assume Boy; = Bo for every 1 <i < N. In this case, we implicitly as-
sume that y; =0 for every 1 < j < p so that all the nodes have the same nodal
impact. Without loss of generality, we assume that Sy > 0. It can be verified that 1
is an eigenvector of (I — 81 W — B 1) ™! with eigenvalue (1 —B; — )", and recall
that 1=(1,...,1)T is a vector with compatible dimension. Accordingly, we have
I —-pB1W— ,821)_11 =0-p81- ,82)_11. Consequently, the conditional mean of
response at each node has the same analytical form, which is referred to as nodal
mean and is given by E*(Y;;) = Bo(1 — 81 — ﬂz)_l. In this case, the nodal mean is
no longer influenced by the network structure. Further, note that E*(Y;;) — oo, as
B1 + B2 — 1. This indicates that the larger network effect (i.e., 81) and/or larger
momentum effect (i.e., B2) all lead to a higher nodal mean.
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Case 2. Assume a;j =1 for any i # j. In this case, all the nodes follow each
other, and thus the network is fully connected and very dense. This would never
happen in real practice but is still discussed here for the sake of theoretical com-
pleteness. Under this assumption, one can verify that (I — 1 W — Bl y“l =
1l +1117 wherety = {1+ (N—= D781 =B} Land o =1 B1(N — 1)1 (1 —
B1— ,32)_1. Then, according to (2.4), the nodal mean can be derived as E*(Y;;) =
71 B0i + 7,17 By, where the difference lies in Boi for different nodes. Under the sta-
tionary condition |B1| + | 82| < 1, one can easily verify that 71 > 0. Accordingly,
the node with larger nodal impact (i.e., Bo;) should have larger nodal mean.

Case 3. First-order Taylor’s expansion. With a general network structure, it is
difficult to interpret formula (2.4) and (2.5). As a compromise, we consider to ap-
proximate both E*(Y,) and cov*(Y;) by their first order Taylor’s expansion with
respect to B1. As one can expect, such an approximation could be poor (good),
if |B1]| is large (small). However, it does give us a quick opportunity to explore
theoretical insights. More specifically, we have verified, in a separate technical ap-
pendix containing supplementary materials, that the first-order Taylor’s expansion
is given by

B

B1
2.6 EX(Y,) ~ —0 W Bo,
(2.6) (Yy) 1—ﬂ2+(1—,82)2 0
* ~ 0-2 0'2:31,32 T
2.7) cov*(Y;) ~ - ,B%I + (- g2y (W+W").

By (2.6), we have that E*(Y;:) ~ (1 — B2) ™' Boi + (1 — B2) *B1 (3 aij Boj) /i
Note that (3_;a;jfoj)/ni is the average nodal impact from i’s neighbors. We
refer to it as the local impact for node i and denote it as ;. As a result, (2.6)
suggests that larger nodal impact and local impact both lead to a higher nodal
mean. By (2.7), we find that the variance of an arbitrary node is (1 — /322)_102
approximately, which is only determined by the momentum effect 8, and the
variance of ¢g;;. In addition, the covariance of nodes iy and i» is given by
o2(1 — BH2B1B2(aiyiy /1y + Giyiy /1iy). This indicates that nodes following each
other (i.e., a;,i, = aj,j; = 1) are more likely to be correlated than those discon-
nected ones (i.e., a;,i, = aj,i; = 0). The correlation could be even stronger if both
nodes are [oyal to each other, in the sense that they do not follow many other nodes
(i.e., small n;, and n;,).

2.3. Strict stationarity: Type II. Next, we investigate the Type II strict station-
arity with N — oo. It is remarkable that the dimension of Y; (i.e., N) is diverging,
so how to define stationarity is challenging. To our best knowledge, there exists no
widely accepted general definition. As one possible solution, we attempt to give
one definition as follows.
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DEFINITION 1. Let {Y; € RV} be a N-dimensional time series with N — oo.
Define W = {w € R® : ¥ |w;| < 00}, where w = (w; e R : 1 <i <00)T € R®,
For each w e W, let wy = (w1, ..., wn) | € RV be the truncated N-dimensional
vector. {Y,} is then said to be strictly stationary, if it satisfies the following con-
ditions: for any w e W, (1) Y =limy_ WI,Y, exists in the almost sure sense;
and (2) {Y,”} is strictly stationary. Moreover, {Y;} is said to have finite mth order
moment if maxi<;j<co E|Yi¢|™ < 00.

In the usual situation with a fixed N, one can verify that {Y,} is strictly sta-
tionary if and only if {w;Y,} is strictly stationary for any wy € RY. As a result,
Definition 1 can be viewed as an extension from the usual stationarity with fixed
N to the diverging case. We then have the following theorem for the NAR model.
The proof is given in Appendix A.1.

THEOREM 2. Assume the same conditions as in Theorem 1 with N — oo.
Then the solution defined in (2.3) is a unique strictly stationary solution (in the
sense of Definition 1) to the NAR model with finite first-order moment.

2.4. Parameter estimation. Let B = (Bo,B1,B2)" € R® and 6 = (9,)" =
BT,y T € RP3. In order to estimate the unknown parameter 6, we rewrite
the NAR model in (2.1) as

2.8)  Yiu=Bo+piw Y1+ BaYign)+ Z[y + i =X, y0 + &ir,

where X;;—1) = (1, wiTYt_h Yie—1), ZZT)T € Rp+3, and w; = (a;j/n; :1 < j <
N)T € RV is the ith row vector of W. Further, denote X; = (X1;, X, ...
Xy " € RVX(P+3) Then model (2.8) can be rewritten in vector form as Y, =
X;—10 4+ &. As aresult, an ordinary least squares type estimator can be obtained
as

T -17r
(2.9) 6= (Z X,T_lx,_l) Y X[, Y,,
t=1

t=1

whose asymptotic properties are to be investigated subsequently. To this end, we
need the following technical conditions:

(C1) Nodal Assumption) Assume that Z;’s are independent and identically dis-
tributed random vectors, with mean 0 and covariance X, € RP*?, Further-
more, its fourth-order moment is finite. The same assumption is also needed
for &;; across both 1 <i < N and 0 <t < T. Moreover, we need {Z;} and
{ei+} to be mutually independent.

(C2) (Network Structure) Assume W is a sequence of matrices indexed by N.
They are assumed to be nonstochastic.
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(C2.1) (Connectivity) Treat W as a transition probability matrix of a Markov
chain, whose state space is defined as the set of all the nodes in
the network (i.e., {1,..., N}). We assume the Markov chain is ir-
reducible and aperiodic. Further, define m = (i, ..., JTN)T e RN as
the stationary distribution of the Markov chain, such that (a) 7; > 0
and ZINZI m; =1, (b) m = W " x. Furthermore, ZlNzl niz is assumed
to converge to 0 as N — oo.

(C2.2) (Uniformity) Define W* = W + W' asa symmetric matrix. Assume
Amax(W*) = O(log N), where Amax (M) stands for the largest abso-
lute eigenvalue of an arbitrary symmetric matrix M.

(C3) (Law of Large Numbers) Define Q = (I — G)~ Y1 = G")7!, and recall
G = B1W + ByI. Assume the following limits exist. They are, respec-
tively, k1 = limy_ oo N™1tr{T(0)}, k2 = limy_ 0o N~ tr{WI(0)}, k3 =
limy— oo N7 tr{(I — G)™'} and k4 = limy_ oo N~ tr(Q). Here, k1, k2, k3
and k4 are fixed constants.

Condition (C1) provides some basic assumptions for nodal variables Z; and &;;,
so that the standard law of large numbers and central limit theorem can be applied.
In fact, this assumption can be moderately relaxed so that different Z;s and ¢;;’s are
weakly dependent, as long as the law of large numbers and central limit theorem
hold.

Condition (C2) is about the network structure (i.e., A or W). It can be further
divided into two sub-conditions. First, (C2.1) assumes that all the nodes are reach-
able to each other (i.e., irreducibility). Specifically, for two arbitrary nodes i and j,
there should be a path of finite length connecting i to j. Otherwise, one can assume
that there exist two sets of nodes, and the nodes from different sets are completely
disconnected with each other. Then those two sets of nodes can be modeled sepa-
rately. A simple sufficient condition for both irreducibility and aperiodicity is that
the network is always fully connected after a finite number of steps. That is, there
exists an n* such that, for any n > n*, each component in W”" is always positive.
Accordingly, the network structure discussed in Case 2 in Section 2.2 satisfies this
sufficient condition. Second, (C2.2) requires that the network structure should ad-
mit certain uniformity property so that the diverging rate of Amax(W*) should be
sufficiently slow.

Lastly, condition (C3) is a law of large numbers type assumption. To see this
consider, for example, the first condition in (C3), that is, k] = limy_, oo N -1y
tr{l"(0)} = N~! ZINZI var*(Y;;). Heuristically, if we treat al-z = var*(Y;;) as if
they were independent and identically generated random variables, then this is
a law of large numbers type assumption. With the help of (C3), we can ver-
ify that the following limits also exist. They are x5 = limy_, oo N~ tr(WQWT),
ke = liMy_oo N Hr{WL(OYW T}, k7 = imy_ oo N~ 'tr(WQ) and kg =
limy— 0o N~' tr{W(I — G)~'}. In fact, we have k5 = (a + b)*ks — 2(a + b)bks +
b?, ke = (a® + 2abBr + b1 + 2aky — b%02, k7 = (a + b)ks — biz and kg =
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(a + b)iz — b. Here, W = al + bG, where a = —f; ' B2, and b = ;' In addi-
tion, one can easily verify that all the limits (i.e., {«1, ..., kg}) exist even when
B1 = 0, as long as the limit of N~ tr{WW T} exists. We then have the following
theorem.

THEOREM 3. Assume the stationary condition |Bi| + |B2| <1 and techni-
cal conditions (C1)—(C3) hold, we then have vNT (0 — 0) —4 N(0,0%E71) as
min{N, T} — oo, where

1 cp cp 0o’
(2.10) go| B B oy I
g I ¥ ky ' T

0 wk3X;y 3%y 2,

cp=PBo(1 = B1 — )™, Ti = +usy Ty + ke, To=cp+ 7y Ty + k2,
Y3 = cl23 +kay ' 2.y +k1,and 0= (0, ...,0) " is a vector with compatible dimen-
sion.

The proof of Theorem 3 is given in Appendix A.2. By Theorem 3, we know that
6 is /NT -consistent with asymptotic variance o2 X!,

It is remarkable that Theorem 3 requires both N — oo and T — oo. For the
sake of completeness, we might also want to investigate the other two types of
asymptotics. One is that N is fixed but T — oo, and the other one is that T is fixed
but N — oo. However, the nodal effect y is only associated with nodal information
Z;. Therefore, to estimate y consistently, we must have ample amount of informa-
tion about Z;. As a result, N is required to be diverging, and no consistency result
can be established for 6 with fixed N. In contrast, our theoretical analysis shows
that both the consistency and asymptotic normality can be established for 6 with
fixed T but N — oo. The main results are given in the following proposition.

PROPOSITION 2. Assume T is fixed and conditions in Theorem 3 hold. Then
we have /N — 0) =4 N0, 02T ') as N - 0.

The proof of Proposition 2 is given in a separate technical Appendix contain-
ing supplementary materials. By Proposition 2, the estimated parameter 6 is v/N-
consistent with fixed 7. This enables us to obtain a consistent estimator even with
limited time periods.

2.5. General NAR(p) model. Note that the proposed NAR model (2.1) con-
siders only one lag. For simplicity, we refer to it as a NAR(1) model. As a flexible
extension, one could consider the NAR(p) model as follows:

p N p
Q1) Yu=po+Z'y+ > amn; ! > aiiYi—m + > BnYic—m) + €ir-
m=1 j=1 m=1
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Let Yy = (Y, Y ,,....Y ,, )T € RN?. Then the NAR(p) model (2.11) can
be expressed in vector form as
(2.12) Yy =8By +G Y] |+ &,

with By = (B, 03,1 T € RV, & = (7,05, )" € R"?, and

G*:( A OlpW—f—ﬁpIN)

Ing-1  ONp-1).N

where A = (W + Bily,...,ap 1 W + Bp_1Iy) € RVNP=D 10, is the n-
dimensional zero vector, Oy, », is the n; x np dimensional zero matrix, and I,
is the n x n dimensional identity matrix. Similarly, we give the strictly stationary
solution of NAR(p) model in the next theorem.

THEOREM 4. Assume E|Z;|| < oo. If P _ (lam| + |Bml) < 1, then there
exists a unique strictly stationary solution with finite first-order moment to the
NAR(p) model (2.11). The solution takes the form Y, = JY}, where Y; = (I —
G By + X520 G E LI -G By = —G) Bo, G=30_ (amW +

BmlIn), and I = {IN, ON,N(p—1)}-

The proof of Theorem 4 is given in a separate technical Appendix containing
supplementary materials. It is remarkable that the solution, given in Theorem 4, is
the unique strictly stationary solution of NAR(p) model, regardless of whether N
is fixed or N — oo.

We next consider the estimation of NAR(p) model (2.11). Assume the dimen-
sion of Z; is ¢ throughout this subsection. Then write X *(z H= ={1, wTYt_l, e
WY p Y=ty ooy Yigep), 2117 € RPPFOFL and X | = (Xm oo
in,(t_l))—r € RNx@p+a+D)  Fyrther, write 0* = (Bp, ', 8",y )T € R?PHa+l,
where @ = («y, ..., ozp)T and 8 = (1, ...,ﬂp)T. Then (2.11) can be written as
Y; =XJ_,0" +&;. The corresponding ordinary least squares type estimator can be
derlved as

T -1 T
(2.13) 6% = ( > X;‘_ITX;"_1> > XY
t=p+1 t=p+1
We next investigate the asymptotic properties of 6*. To this end, define I'*(h) =

cov*(Y,, Y,_p) to be the conditional auto-covariance function for the NAR(p)
model under strict stationarity. The following condition is required:

(C4) Assume the following limits exist as, vi(h) =limy oo N~ WF’"(h)W—r
v (h) = th_)ooN Twr*h), v3(h) = 11m1\/_>Oo N~I*(h) for 0 <h<p-1,
and x5 = limyoo N7't{(I — G)7'), «} = limyooo N7'tr(0), «¥ =
My oo N~Hr(WOWT), k2 = limy— 0o N —ltr(WQ), K = limy_ 00 N7! x
(W —G)" '}, where 0 =(I —G)" ' -G")~.

We then have the following theorem.
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THEOREM 5. Assume 51:1(|0‘m| 4+ |Bml) < 1 and the technical condi-
tions (C1), (C2), (C4) hold. We then have \/NT(HA* —0") =>4 N(O, 022*—1) as
min{N, T} — oo, where

*l C;fki 1*; C;g 1*; >|(<) ;—T

s | Blr 231T X 1p(kgy X:)
Gl w3 5 Ly m) |
0, (TN (K

C’Z ={l - Z,I;:l(am + ,Bm)}ilﬂo’ ET = {ZT,(mlva)} € RPXP with ET,(ml,mz) =
5+ K3y TSy + vilm —ma), B3 = {25 )} € RPP with T3

S(my,ma)
5% + 15y TSy + va(my —ma), TF = (5 4, ) € RPP with 5, =
c7§2 + KI)/TEZ)/ +v3(my —my), and 1, = (1, ..., D" isa p-dimensional vec-

tor with all elements to be 1.

The proof of Theorem 5 is given in a separate technical Appendix containing
supplementary materials.

3. Potential applications.

3.1. Network structure analysis. To demonstrate the usefulness of the pro-
posed NAR model, we next consider a number of interesting potential applica-
tions. We start with network structure analysis. By Proposition 1, the conditional
mean is given by E*(Y,) = (I — B2l — B1 W)~ By. For a more intuitive discus-
sion, we assume that Y;; is the measure for the ith node’s activeness at time ¢.
Then the expected average network activeness (EANA) is given by 1T E*(Y,;)/N.
Next, how to maximize this quantity becomes an important problem. Previous dis-
cussion shows that identical nodal impact (i.e., S;0 = Bo) leads to the same nodal
mean with EANA given by Bo(1 — 81 — 82) L. In this case, EANA is free of the
network structure, and cannot be maximized by optimizing network structure. To
make our discussion meaningful, we assume nonidentical nodal impact through-
out the rest of this subsection. Similar to Case 3 in Section 2.2, we also employ
the Taylor’s expansion technique, which greatly simplifies the theoretical results.
Consequently, we can focus on the leading terms, which leads to fruitful insights
and interpretations.

We start with the simplest network structure change. Consider two different
nodes i and j where a;; = 0. Then, by (2.6), the nodal mean for i is given by u;o ~
(1 - ﬁz)_l,Bo,- + 1 - ﬁz)_zﬂl Zk# aixPox/ni. Now assume i starts to follow
J, that is, a;; changes from O to 1. Then the nodal mean of i changes from p;o
to it ~ (1= B2) ' Boi + (1 — 52)_2,31(Zk¢j aikBok + Boj)/(ni + 1) + 0, (B1).
Hence, the change in a;; (from 0 to 1) leads to a change in the nodal mean for node
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G =i~ (1= 522 (Boy — Y aibor/m ) [+ D).
=y

Practically, the network effect B; is typically expected to be positive [6].
Then the sign of the change is mainly determined by (By; — Zk?é j ik Bok/ni),
which involves the jth nodal impact (i.e., Bo;) and the ith local impact (i.e.,
Zk;é j dik Box/n;). If the nodal impact of j is larger than the local impact of i,
then the ith nodal mean is expected to increase. Otherwise, it should decrease.

The above discussion leads to the following interesting findings, that is, the
nodal mean of an arbitrary node is likely to be increased by: either (1) following
nodes with nodal impact larger than its local impact, or (2) unfollowing nodes
with nodal impact smaller than its local impact. One can repeat this process for
each node till the network converges to an optimal structure. To gain some quick
insights, we assume that fo; are all different and the nodes are appropriately sorted
so that Bo1 > Bo > Bo; forany j > 2. In this case, for any node i > 1 witha;; =0,
its nodal mean can always be increased by setting a;1 = 1 (i.e., following node
i = 1). Accordingly, we should have a;; = 1 for any i > 1. Otherwise, the network
structure cannot be optimal. Next, for any node i with n; > 1, its nodal mean can
always be increased by unfollowing its neighbor with the smallest By; value. As a
result, we should have n; =1 and @;; = 1 for every i > 1. For node i = 1, similar
argument leads to n1 = 1 and a2 = 1. In this case, one can verify that the value of
EANA could be approximated by

(3.2) (=B 'NTIY " Boi + (1= B) >N~ (N — D1 for.

For a large-scale network, we have (N — 1)/N =~ 1. Hence, the above quantity
can be further approximated by (1 — B IN~! Y>iBoi +(1— ,82)_2/31501. It is
mainly determined by the average nodal impact (i.e., N~! Y Bo;) and the largest
nodal impact Boi .

3.2. Intervention analysis. We study in this subsection one type of interven-
tion analysis, which refers to some stimulus imposed on a set of nodes. The stimu-
lus aims at enhancing the network activeness as much as possible. If there were no
intervention, the network activeness would be fully determined by the NAR model
(2.1), which leads to a sequence of response vectors as {Y;} with ¢ > 0. Without
loss of generality, we assume that the intervention is given at time ¢t = 0 to each
node i so that its initial activeness level can be increased from Y;q to Y;o + 6;, for
some §; > 0. Equivalently, Yy is changed to Yo + A, where A = (41, ..., Sn) T
This leads to a stimulated new time series sequence, given by {Y7} with ¢ > 0.
Both {Y;} and {Y}} follow the same NAR model as given in (2.1), sharing the
same set of innovation process & . The only difference is that {Y,} starts with Y
while {Y7} starts with Yo + A. We can then evaluate the intervention effect by
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comparing the difference between Y; and Y. This leads to the total intervention
effect (TIE) given by TIE(A) = 17 > i-0(Y; —Y,). Practically, the resource (i.e.,
$°8; =1" A) that can be used is limited, and we assume that 3" 8; < 1. It is then
of interest to maximize TIE(A) under the constraint 1T A < 1.

It can be easily verified that Y = Y, + G'A. As a result, TIE(A) =17 x
YooY —Y) =1T(A+ GA+---) =1T(I — G)"'A, under the stationary
condition of Theorem 1. Then the optimization problem becomes

max TIE(A)=1"(I — G)"'A,
AeRN

(3.3) N

such that & <1,  §>0,i=1,....N.

i=1
Note that (3.3) is a linear function in A with coefficients given by v = (v, ...,
vy) T = (I — GT)~'1. Without loss of generality, we assume that the nodes are
appropriately sorted so that vi > v > --- > vy. One can verify that v; > 0. Ac-
cordingly, by standard linear programming theory [9], the solution to (3.3) is given
by Amax = (1,0,0,..., O)—r e RV. This suggests that all the resources should be
given to the node with the largest v;-values. For a practical interpretation, we refer
to v; as node i’s influential power.

It is then of interest to query which type of nodes is likely to have large v;-
values (i.e., influential powers). This amounts to computing v = (I — ¢H1
and studying its relationship with the network structure A. Once again, we follow
Case 3 in Section 2.2 and use first-order Taylor’s expansion for approximation.
This enables us to approximate v by (1 — ﬂz)_ll + (1 — ,82)_2/31WT1. We then
have v; * 1/(1 — B2) + (1 — ,32)_2,31 ZJ- njflaji. By assuming a positive network
effect 81 > 0, we then find that a node’s influential power is mainly determined by
> n;la ji» which is referred to as weighted degree. Nodes with larger weighted
degree are typically ones with a larger number of followers (i.e., }_; a;;), and those
followers are loyal in the sense that their out-degree n ;s are small. Consequently,

TIE(Amax) = max; v; % 1/(1 — ) + (1 — B2) 2prmaxi (X n ' aji}.
4. Numerical studies.

4.1. Simulation models. To demonstrate the finite sample performance of the
proposed methodology, we present in this subsection three examples. The main
difference is the generating mechanism of the adjacency matrix A and also the
specification of 8 = (Bo, B1, ,82)T € R3. Other than that, they are fairly similar.
Specifically, for each example, the random error ¢;; is simulated from a standard
normal distribution N (0, 1), and the covariate Z; = (Z;y, ..., Zl~5)T e R’ is from
a multivariate normal distribution with mean 0 and covariance X; = (0}, j,), where
o}, j, = 0.5117221. For each example, y is fixed to be y = (—0.5,0.3,0.8,0,0) .
In order to generate Y, an initial value Y is randomly simulated according to the
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stationary distribution as given in Proposition 1. Once Ygs are given, Y;s can be
generated according to (2.8).

EXAMPLE 1 (Dyad Independence Model). By [17], a dyad is defined as
D;jj = (a;j,aj;) for any 1 <i < j < N. Dyad independence assumes that dif-
ferent D;;’s are independent. In order to ensure network sparsity, we set P(D;; =
(1,1)) =20N~!. As a result, the expected number of mutually connected dyads
li.e., Djj = (1,1)] is of O(N). Next, set P(D;; = (1,0)) = P(D;; = (0,1)) =
0.5N 98 This makes the expected degree for each node O(N®?), which di-
verges toward infinity as the network size N increases, but at a slow rate. Oth-
erwise, the network sparsity might be violated. Accordingly, we should have
P(Dj; =(0,0)) =1—-20N" I N—08 which is very close to 1 for large N.
Lastly, fix T =10, 30, 100, and (8o, 81, 82) " = (0.3,0.0,0.5) .

EXAMPLE 2 (Stochastic Block Model). We next consider another popular
network structure, which is the stochastic block model [26, 31]. This model is
of particular interest for community detection [33]. Specifically, we follow [26],
and randomly assign for each node a block label (k =1, ..., K) with equal prob-
ability, where K € {5, 10, 20} is the total number of blocks. Next, set P(a;; =
1) =0.3N%3 if i and j belong to the same block, and P(a;; = 1) = 0.3N"!
otherwise. Accordingly, the nodes within the same block are more likely to be
connected, as compared with nodes from different blocks. Lastly, fix T = 30 and

(Bo, B1. B2) T =(0.0,0.1, —0.2) .

EXAMPLE 3 (Power-Law Distribution Model). By [2], a power-law distribu-
tion reflects a popular network phenomenon, that is, the majority of nodes have
very few edges but a small amount have a huge number of edges. To mimic this
phenomenon, we follow [7] and simulate A as follows. First, generate for each
node its in-degree d; = }_;aj; according to the discrete power-law distribution,
that is, P(d; = k) = ck™® for a normalizing constant ¢ and the exponent parame-
ter o € {1.2,2, 3}. Smaller « value implies a heavier distribution tail. Next, for the
ith node, we randomly select d; nodes to be its followers. Lastly, fix 7 = 30 and

(Bo B1, ,32)T (0.3, -0.1, 05)T

4.2. Performance measurements and simulation results. For each simu-
lation example, different network sizes are considered (i.e., N = 100, 500,
1000), and the experiment is randomly replicated R = 1000 times. Let 60 =
@ =B B B 7 T)T be the estimator obtained in the rth repli-
catlon We then consider the following measures to gauge their performances.
First, for a given parameter 6, with 1 < j < p + 3, the root mean square er-

ror is evaluated by RMSE; = {R™ Z I(Q(r) 9},)2}1/2. Next, for each 1 <
J = p+ 3, a95% confidence interval is constructed for 6; as CI(r) (9(”
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20. 975SE( r) 9( ) + 10.9758/1\35”), where S/I\Ey) is root square of the jth diagonal el-
ement of (3, X,_lxt_l)—laﬂ with 62 = (NT)™' ¥ ,(Yir — X100)2, and z, is
the ath quantile of a standard normal distribution. Then the coverage probability
(CP) is computed as CP; = R™ Z 110 € CI(r) ), where I(-) is the indicator
function. Lastly, the total number of observed edges (i.e., X_;, i, diyiy) and the net-
work density [i.e., {N(N — D! Zil’iz aj,i,] are also reported.

The detailed simulation results are summarized in Tables 1-3. For the first ex-
ample (i.e., Table 1), we find that, if T is fixed, the RMSE values for all é_,-’s

decrease toward O as N increases. Consider for example ,31 (i.e., the estimated
network effect) with 7 = 30, the RMSE value drops from 4.5% to 1.3%, as N
increases from 100 to 1000. In the meanwhile, the network density drops from
22.7% to 2.4%, which implies that the network structure is increasingly sparse.
Moreover, the reported coverage probability values for each parameter (i.e., 0;)
are all fairly close to their nominal level 95%, which suggests that the estlmated
standard error (i.e., SE) approximates the true SE very well. Quantitatively similar
findings are also obtained for Examples 2 and 3 from Tables 2 and 3. All these re-
sults confirm that the proposed estimator 6 is indeed consistent and asymptotically
normal.

4.3. Simulation for potential applications. Recall the two potential applica-
tions discussed in Section 3, which are the network structure analysis and the inter-
vention analysis. Both of them are demonstrated through the following simulation
studies. For each study, three different network structures are simulated (i.e., dyad
independence model, stochastic block model and power-law distribution model)
in the same manner as in the previous subsection. For illustration purposes, we fix

N =100,T =100, K =5, « =2.5, and (Bo, 1, B2) | =(0.2,0.1,0.4)".

STUDY 1 (Network Structure Analysis). We first study the effect of network
structure change discussed in Section 3.1. The procedure is implemented as fol-
lows:

Step (1) (Initializing) Simulate an initial network structure A© as in the previous
simulation examples.
Step (2) (Alternating)
(2.1) (Network Structure) Once A%~ is given, we then update it to
A® (1 <k < N) as follows. Define two different node sets, which
are Qo =1{j :axj =1and Bo; <k} and Q= {j : j #k,arj =
0 and By; > I}, where [ = n,?l >_jakjBoj is the local impact re-
ceived by node k. If |[Q2xo| > 1 (i.e., the size of 2gg), we then ran-
domly select one node from 2o (denoted by j;), and change ay;,
from 1 to 0. Similarly, if |€2;1| > 1, we then randomly select one
node from €2 (denoted by j»), and change a;j, from O to 1. Do
nothing if |Q2xo| =0 or |Q21| =0



TABLE 1
Simulation results for Example 1 with 1000 replications. The RMSE values (x 102) are reported for every B and y estimates. The CP (in %) of every
estimate is given in parentheses. Total number of observed edges (TNOE) and network density (ND) are also reported

T=10 T =30 T =100

N =100 N =500 N =1000 N =100 N =500 N =1000 N =100 N =500 N =1000
o 6.4 (93.8) 2.6 (94.4) 1.8 (93.9) 3.7 (93.5) 1.4 (94.7) 1.0 (94.9) 2.0 (94.7) 0.8 (94.8) 0.5 (95.5)
B 7.6 (95.1) 3.3(93.9) 2.2(94.8) 4.5 (94.3) 1.9 (93.9) 1.3 (93.7) 2.5(94.4) 1.0 (94.4) 0.7 (95.8)
B 2.9 (94.3) 1.2 (95.0) 0.9 (95.0) 1.6 (93.4) 0.7 (94.5) 0.5 (94.8) 0.9 (94.1) 0.4 (94.9) 0.3 (93.9)
i 4.9 (94.5) 2.0 (94.6) 1.5 (94.1) 2.7 (94.7) 1.2 (95.7) 0.8 (95.9) 1.5(95.2) 0.6 (96.8) 0.4 (95.8)
» 4.8 (94.0) 2.0 (94.2) 1.4 (94.2) 2.6 (94.7) 1.2 (95.2) 0.8 (94.7) 1.5 (93.9) 0.6 (94.3) 0.5 (94.4)
V3 6.0 (96.5) 2.6 (96.5) 1.9 (94.9) 3.6 (94.3) 1.5 (94.4) 1.1 (95.4) 2.0 (93.5) 0.8 (94.9) 0.6 (94.9)
v 4.2(95.2) 1.8 (95.1) 1.3 (95.0) 2.5(95.4) 1.1(94.2) 0.7 (94.9) 1.3 (95.6) 0.6 (95.1) 0.4 (94.3)
¥s 3.8(95.6) 1.7 (94.2) 1.2 (95.2) 2.2(94.2) 1.0 (94.8) 0.7 (95.3) 1.2 (95.3) 0.5 (94.7) 0.4 (95.1)
TNOE 2251 11,732 23,981 2251 11,732 23,981 2251 11,732 23,981
ND (%) 22.7 4.7 24 22.7 4.7 2.4 22.7 4.7 2.4

OTTT
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TABLE 2
Simulation results for Example 2 with 1000 replications. The RMSE values (x 10%) are reported for every B and y estimates. The CP (in %) of every
estimate is given in parentheses. Total number of observed edges (TNOE) and network density (ND) are also reported

K=5 K=10 K =20

N =100 N =500 N =1000 N =100 N =500 N =1000 N =100 N =500 N =1000
Bo 1.8 (95.1) 0.9 (92.6) 0.6 (95.4) 1.9 (95.2) 0.8 (95.3) 0.6 (95.4) 1.9 (94.2) 0.8(95.2) 0.6 (94.3)
B1 2.1(95.9) 1.1 (95.1) 1.1 (95.4) 1.7 (95.4) 0.9 (95.4) 0.8 (94.1) 1.7 (95.3) 0.8 (94.7) 0.6 (95.7)
B 1.8 (95.2) 0.8 (95.0) 0.6 (94.9) 1.8 (93.9) 0.8 (94.8) 0.5(95.9) 1.8 (94.9) 0.8 (94.8) 0.6 (93.6)
Y1 2.3 (94.8) 1.0 (95.3) 0.7 (94.7) 2.4(94.1) 1.0 (94.0) 0.7 (95.0) 2.3(95.3) 1.0 (94.6) 0.7 (94.8)
%) 2.5(95.3) 1.0 (95.7) 0.8 (95.0) 2.6 (95.0) 1.1 (93.7) 0.8 (94.1) 2.5(95.8) 1.1 (94.1) 0.8 (93.7)
V3 2.8 (94.2) 1.2 (95.5) 0.8 (95.4) 2.7(95.2) 1.2 (95.0) 0.8 (96.8) 2.7 (94.9) 1.2 (94.6) 0.8 (95.6)
V4 2.4(94.9) 1.0 (96.2) 0.7 (95.8) 2.4 (96.0) 1.1 (94.6) 0.7 (96.0) 2.5(93.2) 1.1 (95.4) 0.7 (95.4)
s 2.2 (95.0) 1.0 (94.9) 0.7 (94.9) 2.2(93.7) 1.0 (94.7) 0.7 (95.2) 2.2(94.7) 1.0 (94.7) 0.7 (94.5)
TNOE 261 2339 7523 173 1239 3792 193 969 2777
ND (%) 2.6 0.9 0.8 1.7 0.5 0.4 1.9 0.4 0.3
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TABLE 3
Simulation results for Example 3 with 1000 replications. The RMSE values (x 102) are reported for every B and y estimates. The CP (in %) of every
estimate is given in parentheses. Total number of observed edges (TNOE) and network density (ND) are also reported

a=1.2 a=2.5 a=5.0

N =100 N =500 N =1000 N =100 N =500 N =1000 N =100 N =500 N =1000
o 5.2(95.2) 4.4 (94.5) 4.0 (94.7) 2.7 (95.8) 1.1(95.3) 0.8 (94.4) 2.2 (95.0) 1.0 (94.5) 0.7 (95.0)
B 8.7 (94.8) 8.4 (95.1) 7.8 (94.7) 2.5(94.3) 0.9 (92.8) 0.6 (93.8) 1.2 (93.7) 0.5(95.2) 0.3 (94.5)
B 1.6 (94.6) 0.7 (94.9) 0.5 (95.4) 1.6 (95.4) 0.7 (96.5) 0.5 (95.6) 1.6 (94.1) 0.7 (95.3) 0.5 (94.3)
i 2.8 (95.5) 1.2 (95.4) 0.8 (95.4) 2.8 (95.0) 1.2 (94.2) 0.9 (94.7) 2.7 (94.9) 1.2 (95.1) 0.8 (94.5)
» 2.6 (94.7) 1.2 (95.2) 0.8 (94.7) 2.6 (95.1) 1.1(96.2) 0.8 (94.1) 2.6 (95.0) 1.2 (95.1) 0.8 (95.1)
V3 3.7 (94.0) 1.6 (94.6) 1.1 (94.4) 3.5(94.7) 1.5 (95.9) 1.1 (94.7) 3.5 (95.0) 1.5 (95.5) 1.1(94.3)
v 2.5(94.3) 1.1 (94.5) 0.8 (93.9) 2.4 (95.8) 1.0 (95.4) 0.8 (94.4) 2.5(93.5) 1.1(95.1) 0.8 (94.7)
¥s 2.3(93.9) 0.9 (96.9) 0.7 (95.8) 2.2 (94.5) 1.0 (95.3) 0.7 (94.2) 2.2(95.3) 1.0 (94.2) 0.7 (94.1)
TNOE 3535 77,498 268,983 561 2227 4563 220 1060 2132
ND (%) 35.7 31.1 26.9 5.7 0.9 0.5 2.2 0.4 0.2

CITl
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FI1G. 1. Potential applications for three different network structures: black (o) for dyad indepen-
dence model, red () for stochastic block model and blue (+) for power-law distribution model. The
left panel: Network Structure Analysis; the right panel: Intervention Analysis.

(2.2) (Response Vector) With the updated network structure A®), we
simulate a series of response vectors as in the previous simulation

examples and denote them by ng) = (Yi(tk))T with 1 <r<T.

Note that in Step (2.1), we distinguish k’s followees by comparing their nodal
impacts (i.e., Bo;) with k’s local impact (i.e., [t). By doing so, a node with
nodal impact smaller than /; is unfollowed, and a node with nodal impact larger
than /i is followed. Next, the expected average network activeness (i.e., EANA)

—— (k
can be estimated by EANA( - (NT)™! Dt Yitk). This leads to an EANA path

{m(k) : 1 <k < N}. For a reliable evaluation, we replicate the experiment
1000 times. This generates a total of 1000 EANA paths, which are then averaged
and plotted in the left panel of Figure 1. A monotonically increasing pattern is
detected, which corroborates our theoretical analysis in Section 3.1 quite well.

STUDY 2 (Intervention Analysis). In this study, we investigate the intervention
effect discussed in Section 3.2. The network data are generated as in the previous
study. According to the discussion in Section 3.2, a node with larger weighted de-
gree is more likely to have larger influential power. To confirm this, we calculate
for each node its weighted degree as }_ ; ni_] aj;i, and the corresponding influential

power v;, where v = (v;) T = (I — G ")~'1. This leads to a scatter plot as given in
the right panel of Figure 1. A clear monotonic relationship is detected, which indi-
cates a strong positive correlation between weighted degree and influential power.
It is remarkable that, for a large-scale network, an accurate computation of v is dif-
ficult, because an ultra-high dimensional matrix (i.e., I — G T) needs to be inverted.
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However, the computation of weighted degree is much easier. This study confirms
the practical usefulness of the weighted degree as a computationally feasible proxy
for influential power.

4.4. A Sina Weibo dataset. We next illustrate our proposed method by a real
example. The data are collected from Sina Weibo (www.weibo.com), which is the
largest Twitter-type social media in China. Our dataset contains weekly observa-
tions for a total of N = 2982 active followers of an official Weibo account. These
Weibo users are observed for a total of T = 4 consecutive weeks. The response
(i.e., Yi;) considered here is the log(1 + x)-transformed post length (i.e., the num-
ber of characters contained in the post) made by node i in week 7. In addition,
two time-invariant nodal covariates are recorded. They are the number of personal
labels (created by the users to describe their life styles and career status) and the
gender of each node (male = 1, female = 0). Lastly, the network structure A is
naturally defined to be the followee—follower relationship. The resulting network
density is around 2.2%.

We first provide the histogram of the in-degrees and out-degrees in Figure 2. It
can be seen that the distribution of in-degrees is much more skewed than that of
out-degrees. Their median values are 20 and 48, respectively. Next, the histogram
of the responses is plotted in Figure 3. The response distribution is approximately
normal with the mean value 6.26. To better motivate our method, we conduct some
preliminary analysis. First, a simple linear regression is conducted for each node
with Y;; as the response and Y;(;—1) as the only covariate. As a consequence, R-
squares can be computed for each node. This leads to a total of N = 2982 R-square
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FI1G. 2. The Sina Weibo data analysis. The left panel: histogram of in-degrees for N = 2982 nodes.
The highly right skewed shape indicates the existence of “super stars” in the network; the right panel:
similar histogram but for out-degrees.
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F1G. 3. The Sina Weibo data analysis. Histogram of the response, which is the log(l + x)-
transformed Weibo length. The bell-shaped histogram suggests the response distribution is approxi-
mately normal.

values, whose median level is around 31.8%. This suggests the existence of the mo-
mentum impact. Next, we compute residuals from this model for each node. These
residuals are then treated as the responses and regressed against nl._1 > jaijYje-1
(i.e., the network impact). This leads to another N = 2982 R-squares values, whose
median is around 50.1%. This suggests that, even after controlling the momentum
impact, the network effect exists.

Motivated by the preliminary analysis, we then fit the proposed NAR model to
the Weibo dataset. The detailed estimation results are given in Table 4. As one
can see, all estimates are at 5% level of significance. The estimated network effect
(0.09) suggests that the activeness of a node is positively related to its connected
neighbors. The estimated momentum effect (0.78) confirms that a node with higher
(lower) activeness level in the past is likely to exhibit higher (lower) activeness in
the future. The estimated nodal effects indicate that male users with more self-

TABLE 4
The detailed NAR analysis results for the Sina Weibo dataset

Regression coefficient Estimate SE (x 102 ) p-value
Baseline Effect (By) 0.53 13.13 <0.001
Network Effect (Bl) 0.09 1.81 <0.001
Momentum Effect (B3) 0.78 0.68 <0.001
Number of Labels (71) 0.02 0.31 <0.001

Gender (77) 0.10 2.42 <0.001
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FIG. 4. The Sina Weibo data analysis. The left panel: weighted degree versus influential power; the
right panel: histogram for weighted degree.

created labels tend to be more active. Next, in order to evaluate the out-sample
prediction performance, we use the data from the first three weeks for estimation,
and observations in the last week to evaluate its prediction accuracy. The resulting
mean absolute prediction error (MAPE) is 0.78. As an alternative solution, one can
also fit an AR(1) model to each individual node and then evaluate its prediction
accuracy in a similar manner. The resulting MAPE is 3.34, which is substantially
larger than that of the NAR model (i.e., 0.78). We do not consider a VAR model as
a competitor for this particular dataset. This is because, with T =4 and N = 2982,
the total number of the parameters demanded by a VAR model is too huge to be
estimated.

Finally, we also calculate for each node its weighted degree and influential
power, which are summarized in Figure 4. Once again, a positive relationship is
observed; see the left panel in Figure 4. This further confirms that weighted de-
gree should be a practically useful proxy for influential power. Meanwhile, the
distribution of weighted degree is found to be heavily tailed; see the right panel in
Figure 4. Further calculation reveals that only 26% of these top nodes carry about
80% of the total weighted degree. This means that a small fraction of the top nodes
possesses the majority of the influential power in the whole network. Therefore,
they should be the focus of the network intervention and marketing.

5. Concluding remarks. To conclude the article, we discuss here several in-
teresting topics for future study. First, the NAR model proposed here requires
the response to be continuous. However, discrete responses are commonly en-
countered in real practice. Then how to extend the NAR model for noncontin-
uous responses is the first topic for future study. Second, the network structure
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discussed here is assumed to be static. However, in reality the network struc-
ture slowly changes with time. Then how to model such a network structure
dynamic is another interesting problem worthwhile pursuing. Third, the NAR
model assumes that, as long as a;;, # 0 and a;j, # 0, the coefficients for ¥} ;1)
and Yj,;—1) are the same. One may consider a more flexible model as Y;; =
Boi + Z;V:la,-janj(t_l) + B2Yi¢—1) + €ir- Then how to estimate those n;’s is
a problem of great importance. Lastly, the NAR model is established for the whole
network. However, if the network is observed partially (e.g., sampled network),
the resulting estimate for network effect (i.e., 81) could be biased. Our finding cor-
roborates that of [6] and [34] very well. Then how to correct this bias should be a
challenging and interesting topic for future study.

APPENDIX

A.l. Proof of Theorem 2. Note that {Y,} defined as in (2.3) satisfies the NAR
model (2.2) for any N. To prove the existence of a stationary solution, it is suffi-
cient to show that {Y,} in (2.3) is strictly stationary according to Definition 1.

Define M|, as |[M|. = (m;;|) € R"*? for any arbitrary matrix M = (m;;) €
R™*P, Moreover, for matrices M| = (ml(}-)) € R"™P and M, = (mg)) € R"*P,

( @)

define M; < M, as mi}) = mg; for 1 <i <n and 1 < j < p. Note that

E|Bo+ &—jle < (Bol + EIZ] v + EleiD1 and |Gle1 = (IB1IIW + |B2l1)/1 =
(1B1]+1B21)1. As aresult, Elw}, Y% GI (Bo+&—j) < X2 il X511+
|B21)/ < oo, which implies that limy oo Wy Y, = limy .00 Wy 3520 G/ (Bo +
& — ;) exists with probability one. Let Y/ =limy_, oo w;Yt, and it is obvious that
{Y;”} is strictly stationary. Hence, {Y,} is strictly stationary according to Defini-
tion 1.

Next, we verify the uniqueness of the strictly stationary solution. Assume
that {Y,} is another strictly stationary solution to the NAR model with fi-
nite first order moment. Therefore, E|§~{t|e =< C11 for some constant Ci. Then
we have E|lw[Y, — w(¥,| = E|X52, whG/(Bo + &-j) — whG"Y, | <
C2 Y52, ((B1l + 182D + C1(1B1] + [B2D)"} 32 |wi| for any N and weight o,
where C, = |Bo| + E INZ;r v| + Elei;|. Consequently, by the arbitrary specification
of m, we have Y” = Y, with probability one. This completes the proof of Theo-
rem 2.

A2, AProof of Theorem 3. By (2.9), 9: can be written as § = 0 + fl_lf)xe,
where £ = (NT)™! Zthl X;—_IXt_l and Ty, = (NT)~! Zthl XTT_I&. As a re-
sult, the conclusion of Theorem 3 holds if

(A.1) IR )
P

(A2) VNT,, — N(. o’%),
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asmin{N, T} — oco. Actually, (A.1) only requires N — oo in the following proofs.
Subsequently, (A.1) will be proved in Step 1, and (A.2) will be proved in Step 2.

Step 1. Proof of (A.1). In this step, we attempt to prove that

. 1 S Siz Su 1 cp cp 0
o1 T
s__1 XLXH _ Sy S Sy N X1 X K8VTEZ ’
NT = Sz S| op 3 oy %,
Saa 2,
where
1 - 1 LY | A
Sp=—— Y1, Si3=—— Yii—1), Sy =— Z.:,
12 NTZ:Z:w’ -1 13 NTZ:E i(i—1) 14 N; i
t=1i=1 t=1i=1 i=1
1 T N N 5 1 T N T
S = N7 ZZ(wi Y:-1)7, Sy = NT ZZ Yi—1Yig—1),
t=1i=1 t=1i=1
| TN
524——ZZWTY1 1z Sn=m )0 Vi,
NT
t=1i=1 t=1i=1
Sy =NT)' Y YN Yig-nZ, Su= Z IZ Z;!, and cg = fo(l —

Bi—p) L, = = C%} + 15y T 2.y + K, 22 = Cﬂ + K7y E .Y + K2, and X3 =
cf8 + K4)/TE ;¥ + k1 are defined in Theorem 3. Note that, by equation (2.2),

(A.3) Y =cgl4+ (I -G 'Zy + Y,

almost surely, where Y, = ZOO_OG & _j» Ly = (Z1 Y, .. Z;\;y)—r and {ZT)/}
are i.i.d. random variables. By the law of large numbers, it is obvious that Sy — ),
¥, and S14 — , 0 by (C1). We next show the convergence of the other entries in
3 one by one.

Step 1.1. Convergence of S12. Note that

Bo
812——2211} Y, 1——ZITWY1 1—m+812a+812b,
t=1i=1

where Sjog = N"'1TW(I — G)™'Zy and Spp, = (NT)' Y 1TWY, .
Then by (5.4) and (5.2) in Lemma 2, we have N"21TWQW'1 — 0 and
N1 Z?OZO{ITWGj (GHIWT1Y/?2 - 0, as N — 0o. As a result, it is implied
by Lemma 1(a) and (c) that S12, —, 0 and S12p —, 0.

Step 1.2. Convergence of S13. Note that

513——22 i(1— 1)——2:1T 1= 1_ﬂﬁ+ﬁz+513a+313b,

tlll
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where Sj3, = N~"1T(1 — G)~'Zy and S13, = (NT) "' .7 17Y,_;. Similarly,
we have N 721701 — 0 and N~' 2%,,{1TG/(GT)/1}1/2 — 0, as N — o0, by
(5.4) and (5.2) of Lemma 2. As a result, by Lemma 1(a) and (c), we have 813, —
0, 513;, —>p 0, and 513 —>pCB.
Step 1.3. Convergence of Syy. Note that
1 7

522——22“’ Y1) = — Y TWIWY,
tlll NT

= (1_;—0_’32)2 + 8224 + S22p + 2820 + Zﬁ(i(flz 4_—‘212%) ,
where Syq = N '(Zy)T(I — GT)~ lWTW(I —G)'Zy, Sup = (NT)~!
S Y, wTwY, . and 522c =WND)'Y@)Td - GT)” IWTW\Yt I
By (5 5), (5.3) and (5.6), N~ S Ro[r{WG/(GTY WTWQW T}/ — 0 and
N71y2 Jzo[tr{WG’(GT)’WTWGJ(GT)J W T2 — 0. Furthermore, one can
verify that N 2t{(WQW )2} — 0. Then by Lemma 1(b), (d) and (e), we have
S04 = p K5)/TEZ)/, Sxp = p k6, S2c — p 0. Consequently, we have Sy —
c% + K5y | 2.y + k¢, where k5 and kg are defined in Theorem 3.
Step 1.4. Convergence of Sy3. Note that

323——2211) Y 1Y n=N7 ZY WY,

tlll

2Bo(S12a + S
.30 + 8234 + Sozp + 2830 + Bo(S12 12b)’

(1= — B)? 1—81—p
where Sa3s = N1 Zy) T U -G '"WUI —G) "2y, Sp3p =NT' XL, ¥ | x
W?(,_l and Sz = NT~! Zthl(Zy)T(I - GT)*IWY?t_l. Further, note that
WOWT = fiiW,0), Q = fou(W,0Q), G/(G") = gj01(G.W) and
WG/ (GTYWT = g;1,1(G, W). Then by (5.5), (5.3) and (5.6) of Lemma 2,
N2a{(WQWHQ} — 0, N7'EF_o[r{G(GTY WG/ (GT)WTH!? — 0,
and N~ [tr{WG/(GT)/WT 0}]'/? — 0. Therefore, by Lemma 1(b), (d) and (e),
Sx3a = p k77 T 22¥s S23p —> p k2, S23c = 0 and Sa3 — C% + K7y " Sy + K,
where «7 and k7 are defined in Theorem 3.
Step 1.5. Convergence of Sz3.

1 T
S33 = —ZZ -0 = NT X;quyt—l
t=

tlll

2B0(S134 +S
B2 © Sasy - Sazp - 2Sx3e 4+ Bo(S13 13b)’

T (= pi—p)? 1—B1— B
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where S33, = N1 (Zy) T U =G )\ =G) "2y, S35 =(NT) ' L, V]| x
Y1, and Sz = (NT) ', (Zy)Td — GT)"'Y,_1. By (5.5), (5.3) and
(5.6), we have N2 tr(Q?) — 0, N~' 15 _o[tr{G (G ")/ G (G T)7}]'/? - 0, and
-1 Z‘]?io[tr{Gj (GT)/ Q}1'/? — 0, as N — o0o. Hence, by Lemma 1(b), (d) and
(©), S33a = p Kay | Ty, S3p = p k1, S33c = 0 and S33 = ¢ + kay ' Toy +
K1, where k4 and «; are defined in Theorem 3.
Step 1.6. Convergence of Sy4 and S34. Note that

| TN | T
324=—ZZwZTYt—lziT=—ZY,T_lWTZ=324c+524a + Soap,
NTz:li:l NT =
| TN
334=WZZYIU nZ,' N—ZY 12 = S24¢ + S344 + S34,

Il
-
I
—

t t=1

where Sy, = (NT)'YL,y"2TU — GT)y"'WTZ, Sup = (NT)™! x
Y YL WTZ, Sya = (NT) ' XLy 2T = G2, Ssap = (NT) ™ x
Y Y\ Z, and Sase = fo(1 — 1 — B2) "' NN | ZT. By (5.5) and (5.3) of
Lemma 2, we have N2 u(WQWT) — 0, N~! 52 [t{WG/ (G T) W]/ —
0, N~ 2tr(Q) — 0, and N~! Z?‘;O[tr{Gj(GT)JI}]I/2 — 0, as N — 00. As a re-
sult, by the law of large numbers and Lemma 1(b) and (e), we have Sz4c — 0,
S24a = p /cgyTEZ, S2ap = p 0, S340 —p K3yTEZ and S34p — 0. Consequently,
we have Sy4 — KgyTZZ and Sz — K3)/TEZ, where «g and «3 are defined in
Theorem 3. This completes the proof of (A.1).

Step 2. Proof of (A.2). To prove (A.2), it suffices to show that (NT Y/ znT X

=(NT)"V2y, n"X & —4 N(©O,n" En) for any n € RP+3, where o2 is

set to be 1 in this step for simplicity. To this end, denote &y = (NTy)™ 172 T
Xt_lé’,, Sn: = Zs:l Ens and Fyy = ofgis, 1 <i < N,—00 <s <t}, where the
number of observed time points Ty is assumed to depend on N with Ty — oo as
N — o00. As a result, the double sequence {Sy;, Fns, —00 <t <Tn,N > 1}isa
martingale array.

Similar to the proof of (A.1) in Step 1, we can show that N~2E (nTXtT_l X
X 77)2 < 00, which implies that, for any § > 0, as N — oo,

N Ty
S E{ER (6N > 8) | Fn -1} <872 E(EN I Fn.i—1)
t=1 t=1
(A4)
ol -2 TIn

2
(NT )22 t IXZ*IU) _[7)0,
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where C =20* + |E(e}) — 30*|. Moreover, by (A.1),

Tn Tn
1
(A.5) Y EEr | Fni—1)=——> 0 X Ximin—>n'
=1 NTy =1 p

as N — oo. Therefore, by (A.4), (A.5) and the central limit theorem for
martingale difference sequences [14], Corollary 3.1, we have that Sy7, =
(NT)l/znTﬁxe —4 N(0,1n" Xn). This completes the proof.

SUPPLEMENTARY MATERIAL

Supplement to ‘“Network vector autoregression” (DOI: 10.1214/16-
AOS1476SUPP; .pdf). The supplementary material [35] contains the verification
of (2.6) and (2.7), proofs of Theorem 1, Theorem 4, Theorem 5, two useful lem-
mas and Proposition 2. The numerical verification of conditions (C2)-(C3) are
also included.

REFERENCES

[1] ANSELIN, L. (1999). Spatial Econometrics: Methods and Models. Springer Science and Busi-
ness Media, Dordrecht.
[2] BARABASI, A.-L. and ALBERT, R. (1999). Emergence of scaling in random networks. Science
286 509-512. MR2091634
[3] BEDRICK, E. J. and TsAl, C. L. (1994). Model selection for multivariate regression in small
samples. Biometrics 50 226-231.
[4] Box, G. E. P, JENKINS, G. M. and REINSEL, G. C. (1994). Time Series Analysis: Forecasting
and Control, 3rd ed. Prentice Hall, Englewood Cliffs, NJ. MR1312604
[5] BROWN, L. D., HAGERMAN, R. L., GRIFFIN, P. A. and ZMIJEWSKI, M. E. (1987). Secu-
rity analyst superiority relative to univariate time-series models in forecasting quarterly
earnings. J. Account. Econ. 9 61-87.
[6] CHEN, X., CHEN, Y. and X1AO, P. (2013). The impact of sampling and network topology on
the estimation of social intercorrelations. J. Mark. Res. 50 95-110.
[7] CLAUSET, A., SHALIZI, C. R. and NEWMAN, M. E. J. (2009). Power-law distributions in
empirical data. SIAM Rev. 51 661-703. MR2563829
[8] CUARESMA, J. C., HLOUSKOVA, J., KOSSMEIER, S. and OBERSTEINER, M. (2004). Fore-
casting electricity spot-prices using linear univariate time-series models. Appl. Energy 77
87-106.
[9] DANTZIG, G. B. (1998). Linear Programming and Extensions, corrected ed. Princeton Univ.
Press, Princeton, NJ. MR1658673
[10] DE MoL, C., GIANNONE, D. and REICHLIN, L. (2008). Forecasting using a large number of
predictors: Is Bayesian shrinkage a valid alternative to principal components? J. Econo-
metrics 146 318-328. MR2465176
[11] FAN,J. and YAO, Q. (2003). Nonlinear Time Series: Nonparametric and Parametric Methods.
Springer, New York. MR 1964455
[12] FINGLETON, B. (1999). Spurious spatial regression: Some Monte Carlo results with a spatial
unit root and spatial cointegration. J. Reg. Sci. 39 1-19.
[13] FornNI, M., HALLIN, M., LIPPI, M. and REICHLIN, L. (2005). The generalized dynamic
factor model: One-sided estimation and forecasting. J. Amer. Statist. Assoc. 100 830-840.
MR2201012


http://dx.doi.org/10.1214/16-AOS1476SUPP
http://www.ams.org/mathscinet-getitem?mr=2091634
http://www.ams.org/mathscinet-getitem?mr=1312604
http://www.ams.org/mathscinet-getitem?mr=2563829
http://www.ams.org/mathscinet-getitem?mr=1658673
http://www.ams.org/mathscinet-getitem?mr=2465176
http://www.ams.org/mathscinet-getitem?mr=1964455
http://www.ams.org/mathscinet-getitem?mr=2201012
http://dx.doi.org/10.1214/16-AOS1476SUPP

1122

[14]

[15]

[16]

(7]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

[34]

(35]

X.ZHU ET AL.

HALL, P. and HEYDE, C. C. (1980). Martingale Limit Theory and Its Application. Academic
Press, New York. MR0624435

HAMILTON, J. D. (1994). Time Series Analysis. Princeton Univ. Press, Princeton, NIJ.
MR1278033

HAN, F. and L1u, H. (2013). Transition matrix estimation in high dimensional time series.
In Proceedings of the 30th International Conference on Machine Learning (ICML-13)
172-180. ACM, Atlanta, GA.

HOLLAND, P. W. and LEINHARDT, S. (1981). An exponential family of probability distribu-
tions for directed graphs. J. Amer. Statist. Assoc. 76 33—-65. MR0608176

Hsu, N.-J., HUNG, H.-L. and CHANG, Y.-M. (2008). Subset selection for vector autoregres-
sive processes using Lasso. Comput. Statist. Data Anal. 52 3645-3657. MR2427370

LAM, C. and YAO, Q. (2012). Factor modeling for high-dimensional time series: Inference for
the number of factors. Ann. Statist. 40 694-726. MR2933663

LEE, L.-F. (2004). Asymptotic distributions of quasi-maximum likelihood estimators for spa-
tial autoregressive models. Econometrica 72 1899-1925. MR2095537

LEE, L. F. and YU, J. (2009). Spatial nonstationarity and spurious regression: The case with a
row-normalized spatial weights matrix. Spatial Econ. Anal. 4 301-327.

LUTKEPOHL, H. (2005). New Introduction to Multiple Time Series Analysis. Springer, Berlin.
MR2172368

MCQUARRIE, A. D. R. and TSAI, C.-L. (1998). Regression and Time Series Model Selection.
World Scientific, River Edge, NJ. MR1641582

NEGAHBAN, S. and WAINWRIGHT, M. J. (2011). Estimation of (near) low-rank matrices with
noise and high-dimensional scaling. Ann. Statist. 39 1069-1097. MR2816348

NEWBOLD, P. and GRANGER, C. W. J. (1974). Experience with forecasting univariate
time series and the combination of forecasts. J. Roy. Statist. Soc. Ser. A 137 131-164.
MRO0451583

NowiIckl, K. and SNUDERS, T. A. B. (2001). Estimation and prediction for stochastic block-
structures. J. Amer. Statist. Assoc. 96 1077-1087. MR1947255

PAN, J. and YAO, Q. (2008). Modelling multiple time series via common factors. Biometrika
95 365-379. MR2521589

PARK, B. U., MAMMEN, E., HARDLE, W. and BORAK, S. (2009). Time series modelling with
semiparametric factor dynamics. J. Amer. Statist. Assoc. 104 284-298. MR2504378

REINSEL, G. C. and VELU, R. P. (1998). Multivariate Reduced-Rank Regression: Theory and
Applications. Lecture Notes in Statistics 136. Springer, New York. MR1719704

SHUMWAY, R. H. and STOFFER, D. S. (2000). Time Series Analysis and Its Applications.
Springer, New York. MR1856572

WANG, Y. J. and WONG, G. Y. (1987). Stochastic blockmodels for directed graphs. J. Amer.
Statist. Assoc. 82 8-19. MR0883333

WASSERMAN, S. and FAUST, K. (1994). Social Network Analysis: Methods and Applications.
Cambridge Univ. Press, London.

ZHAO, Y., LEVINA, E. and ZHU, J. (2012). Consistency of community detection in networks
under degree-corrected stochastic block models. Ann. Statist. 40 2266-2292. MR3059083

ZHou, J., Tu, Y., CHEN, Y. and WANG, H. (2017). Estimating spatial autocorrelation with
sampled network data. J. Bus. Econ. Stat. 35 130-138. MR3591541

ZHU, X., PAN, R., LI, G., L1U, Y. and WANG, H. (2016). Supplement to “Network vector
autoregression.” DOI:10.1214/16-A0S1476SUPP.


http://www.ams.org/mathscinet-getitem?mr=0624435
http://www.ams.org/mathscinet-getitem?mr=1278033
http://www.ams.org/mathscinet-getitem?mr=0608176
http://www.ams.org/mathscinet-getitem?mr=2427370
http://www.ams.org/mathscinet-getitem?mr=2933663
http://www.ams.org/mathscinet-getitem?mr=2095537
http://www.ams.org/mathscinet-getitem?mr=2172368
http://www.ams.org/mathscinet-getitem?mr=1641582
http://www.ams.org/mathscinet-getitem?mr=2816348
http://www.ams.org/mathscinet-getitem?mr=0451583
http://www.ams.org/mathscinet-getitem?mr=1947255
http://www.ams.org/mathscinet-getitem?mr=2521589
http://www.ams.org/mathscinet-getitem?mr=2504378
http://www.ams.org/mathscinet-getitem?mr=1719704
http://www.ams.org/mathscinet-getitem?mr=1856572
http://www.ams.org/mathscinet-getitem?mr=0883333
http://www.ams.org/mathscinet-getitem?mr=3059083
http://www.ams.org/mathscinet-getitem?mr=3591541
http://dx.doi.org/10.1214/16-AOS1476SUPP

NETWORK VECTOR AUTOREGRESSION 1123

X.ZHU
H. WANG

GUANGHUA SCHOOL OF MANAGEMENT

PEKING UNIVERSITY

BEIJING, 100871

P. R. CHINA

E-MAIL: xueningzhu@pku.edu.cn
hansheng @ gsm.pku.edu.cn

G. LI

DEPARTMENT OF STATISTICS
AND ACTUARIAL SCIENCE

UNIVERSITY OF HONG KONG

HoONG KONG

P. R. CHINA

E-MAIL: gdli@hku.hk

R. PAN

SCHOOL OF STATISTICS
AND MATHEMATICS

CENTRAL UNIVERSITY OF FINANCE
AND ECcoNOMICS

BEUING, 100081

P. R. CHINA

E-MAIL: panrui_cufe@ 126.com

Y. Liu

SCHOOL OF MANAGEMENT

XI’AN JIAOTONG UNIVERSITY
XI'AN

P. R. CHINA

E-MAIL: liuyuewen @mail.xjtu.edu.cn


mailto:xueningzhu@pku.edu.cn
mailto:hansheng@gsm.pku.edu.cn
mailto:panrui_cufe@126.com
mailto:gdli@hku.hk
mailto:liuyuewen@mail.xjtu.edu.cn

	Introduction
	Network vector autoregression
	Model and notation
	Strict stationarity: Type I
	Strict stationarity: Type II
	Parameter estimation
	General NAR(p) model

	Potential applications
	Network structure analysis
	Intervention analysis

	Numerical studies
	Simulation models
	Performance measurements and simulation results
	Simulation for potential applications
	A Sina Weibo dataset

	Concluding remarks
	Appendix
	Proof of Theorem 2
	Proof of Theorem 3

	Supplementary Material
	References
	Author's Addresses

